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 Abstract - A mathematical model is formulated in this work to 

determine the drilling mud loss in a natural  fracture intersected 

by a wellbore. The formulation is based on a PKN fracture 

geometry model, assuming the natural fracture intersects the 

wellbore with the fracture plane more or less parallel to the 

wellbore axis. The drilling mud is treated as a single-phase fluid. 

The rheology of the drilling mud is assumed to be non-Newtonian 

of Herschel-Buckley type. The reservoir formation is assumed to 

be permeable with the leak off following Carterôs model. Fluid 

flow along the fracture is considered as one-dimensional 

lubrication flow . Deformation of the fracture is governed by local 

elasticity and the wellbore pressure and the pore pressure in the 

reservoir are assumed to be constant. The problem defined above 

is solved numerically using an explicit moving mesh algorithm. 

Effects of the yield stress and the overbalance pressure on the 

drilling mud loss are evaluated. 

 Keywords ï drilling mud loss, PKN fracture model, natural 

fracture 
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I. INTRODUCTION 

 Naturally fractured reservoirs are prone to severe circulation 

losses. In overbalance drilling, since the wellbore pressure is 

larger than the reservoir pore pressure, large volume loss of the 

drilling mud in fractured formations could be a significant 

problem not only in the drilling operation but also during 

subsequent well completion and reservoir production. 

Quantitative prediction of the drilling mud loss is therefore 

critically needed for the control of lost circulation.  In 

general, drilling mud may be treated as a single-phase 

incompressible fluid displaying non-Newtonian rheological 

characteristics such as yield stress and shear thinning. The 

yield stress is the most critical rheological element responsible 

for the eventual cessation of mud invasion. Loss of the drilling 

mud in the natural fracture is driven by the pressure drop 

between the wellbore and the reservoir. The pressure gradient 

near the wellbore is the largest at the onset of drilling mud 

invasion and decreases as the mud flows further into the 

fracture. For a yield stress fluid, when the pressure gradient 

falls below a threshold, mud invasion ceases and the fracture 

can be considered sealed. The Herschel-Buckley model with a 

yield stress and power law for shear thinning has been 

considered an accurate description for the drilling mud 

rheology, especially in the low shear rate range [1]. 

 Drilling mud loss in a natural fracture has been previously 

modeled in the literature assuming radial flow through two 

parallel disks with or without the consideration of reservoir 

deformation, e.g. [2][3]. The assumption of radial flow is most 

applicable when the natural fracture is nearly perpendicular to 

the wellbore axis.  

 In this work, a mathematical model is formulated to 

determine the drilling mud loss for the scenario when the 

natural fracture intersects the wellbore with the fracture plane 

aligned more or less parallel to the wellbore axis. The natural 

fracture is initially closed. Fluid flow inside the fracture is 

coupled with the mechanical deformation of the permeable 

reservoir. The fracture opening developed as a result of mud 

invasion is assumed to be elliptical with a constant height, 

following the Perkins-Kern-Nordgen (PKN) geometry model 

[4][5]. 

 An explicit moving mesh algorithm modified from those for 

solving the PKN hydraulic fracturing model for power law [6] 

and piecewise power law rheology [7] is employed in this 

study. The mathematical formulation and the numerical 

implementation are first presented. Effects of the yield stress 
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and the overbalance pressure on the drilling mud loss are then 

analyzed. 

II.  MATHEMATICAL FORMULAT ION 

 Schematic of a PKN geometry model of length ὒ and height 

Ὄ is shown in Fig. 1. A key assumption in the PKN hydraulic 

fracture model is that the elastic response of the rock is local, 

namely, the opening of the hydraulic fracture at a given 

position ὼ depends on the local overpressure only, but not on 

the pressure everywhere else inside the fracture, i.e., 

ὴ
ύ

ὓ
 (1) 

Eq. (1) states that the average fracture width ύ of a cross 

section is related to the net local pressure ὴ through the 

fracture compliance ὓ “ρ ’ὌȾτὋ, where Ὃ and ’ are 

the shear modulus and the Poissonôs ratio of the rock, 

respectively. The net pressure ὴ, i.e., the overpressure above 

the reservoir stress, is assumed to vary only along the ὼ axis, 

namely, the direction of fracture propagation, and is uniform 

at a given cross section. The average width is defined 

according to ύ ὃȾὌ, where ὃ is the cross sectional area. 

For an elliptical cross section, if the width at the mid-height is 

ύ  (see Fig. 1), ύ “ύȾτ. The local elasticity assumption 

implies each cross section is deforming independently under 

the condition of plane strain, which is most applicable when 

the fracture length is much larger than the fracture height and 

the fracture width is much smaller than the height [8]. The 

local elasticity assumption relieves us of solving the integral 

form pressure-width relation required in other hydraulic 

fracture geometry models such as the KGD [9][10] and the 

penny-shaped fracture models [11]. The PKN hydraulic 

fracture model therefore offers unique simplicity that allows 

incorporation of complex fluid rheology. 

 

 

Fig. 1, A PKN fracture of length ὒ and height Ὄ; at a given cross 

section, the fracture width at the mid-height is denoted as ύ . 

 

 We may assume that fluid flow along the fracture is one-

dimensional. Consequently, the local continuity equation can 

be written as, 

‬ή

‬ὼ

‬ύ

‬ὸ
ό π (2) 

where ή is the flow rate per unit height of a cross section; ὸ is 

the elapsed time from the onset of drilling mud invasion and ό 

is the fluid leak off velocity from the fracture faces. For a 

relatively low permeability formation, fluid leak off may be 

assumed to be one-dimensional obeying Carterôs leak off 

model, 

ό
ςὅ

ὸ ὸὼ 
 (3) 

where ὅ is the leak off coefficient and ὸὼ is the fracture tip 

arrival time at location x. Carter's leak off model, Eq. (3), 

relates the leak off velocity ό to the time of exposure for a 

given position. The velocity ό accounts for the leak off from 

both sides of the fracture faces. 

 Fluid rheology is only involved in the equation of balance 

of fluid momentum for the PKN hydraulic fracture model. 

With the assumption of one dimensional lubrication flow, the 

equation of balance of momentum can be approximated by 

integrating the Poiseuille slot flow solution over the height of 

the elliptical cross section. The slot flow solution for a 

Herschel-Buckley fluid therefore needs to be derived first. 

 For a Herschel-Buckley fluid, the relationship between the 

shear stress and the shear strain rate can be expressed as, 

†
† ‎ π

† ὑ‎ ‎ π
 (4) 

where † , ὑ and ὲ are the yield stress, the consistency 

parameter and the power index. Fluid flow occurs only if the 

shear stress † exceeds the yield stress †. 

 After combining the rheology model with the equilibrium 

equation, the geometrical equation, and the no-slip condition 

at the slot walls, the steady state velocity profile for slot flow 

can be readily obtained, 

ὠ

ừ
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ứὦὲ
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ρ ίz ȿίȿ ίz  ȿίȿ ίz
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ὑ

ρ ὲ
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(5) 
where ὠ is the fluid flow velocity in the flow direction; ὦ is 

the half width of the slot; ί ώȾὦ is the scaled coordinate 

ρ ί ρ in the slot width direction and ὴӶ ȿὨὴȾὨὼȿ is 

the magnitude of the pressure gradient in the fluid flow 

direction. Due to the existence of the yield stress, within the 

region of ȿίȿ ίz, the velocity is constant and fluid flows in a 

plug form. The critical pressure gradient to initiate fluid flow 

is ὴӶ †Ⱦὦ and the half width ίz of the plug flow region can 

be determined from ίz †ὦȾὴӶ. 

 The total flow rate ὗÓ at a given pressure gradient ὴӶ for slot 

flow can be obtained by integrating the velocity across the slot 

width, 

ὗÓ
ςὦ

ὴ
ὑ

ρ
ὲ

ρ
ρ
ὲ

ρ ίz
ὲ ρ ίz

ςὲ ρ
 (6) 

 Fig. 2 shows the variation of the velocity profiles with 

respect to the applied pressure gradient ὴӶ πȢπυȟπȢρ and πȢς 
MPa/m for the following rheological parameters: † ρπ Pa, 

ὲ πȢχ, and ὑ πȢσ PaϽsn. As can be seen from Fig. 2, the 

plug zone size reduces as the pressure gradient ὴӶ increases. 

The pressure gradient and the flow rate relationship as shown 
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in Fig. 3 indicates that the flow rate is zero before the yield 

stress is overcome by the pressure gradient along the slot. 

 

 

Fig. 2, Velocity profiles under different pressure gradients; the red 

lines denote the plug flow zones. 

 

 

 

Fig. 3, Variation of the pressure gradient with respect to the total flow 

rate for slot flow. 

 

 

Fig. 4, A PKN model cross section for a Herschel-Buckley fluid. 

 

 With the assumption of one-dimensional lubrication flow 

inside the fracture, the existence of the yield stress is 

manifested through the stagnation zones near the two ends of 

the fracture cross section, as shown in the shaded areas in Fig. 

4. The ratio between the height Ὄz of the moving fluid region 

and the total height Ὄ can be determined from, 

Ὄz

Ὄ
ρ

ς†

ὴӶύ
 (7) 

At a given height position, the local flow rate ὗ  can be 

obtained based on the slot flow solution, Eq. (6), 
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(8) 

where ύ  is the fracture width at a given height ώ, ύ

ύ ρ ςώȾὌ  . 

 The balance of momentum equation relating the total flow 

rate or the mud loss rate per unit height ή to the local pressure 

gradient ὴӶ can be obtained by integrating Eq. (8) over the 

fracture height, 
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where, 
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where Ὂ  denotes the hypergeometric function. 

 To complete the formulation, boundary conditions both at 

the wellbore and at the fracture tip need to be supplied. We 

may assume that the wellbore overpressure 0ÉÎ is constant and 

the initial reservoir pore pressure and the reservoir stress are 

both constant, which serve only as references. In addition, no 

flow condition can be imposed at the fracture tip ὼ ὒ, i.e.,  

ὴ ὖÉÎ ÁÔ  ὼ π
ύ πȟ ή π ÁÔ  ὼ ὒ

 (11) 

II I. NUMERICAL IMPLEMENTATION 

 The system of governing equations, Eqs. (1) ï (3) and Eq. 

(9), is first transformed by introducing a moving coordinate 

— ὼȾὒὸ, —ᶰπȟρ. An equation for the fracture width can 

be obtained as follows, 

ύ
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ὒ
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 (12) 

where Ὠ ȾὨὸ is the material time derivative and ὧ 

and ὧ are functions of the material parameters and the fracture 

width ύ  and the gradient ‬ύȾ‬—. For brevity, expressions 

for ὧ and ὧ are omitted here. 

 Such a ñdiffusion-typeò of equation for the width ύ  can be 

solved by using an explicit finite-difference scheme [6]. After 






